We review O(d, d) Covariant String Cosmology to all orders in α in the presence of matter and study its solutions. We show that the perturbative analysis for a constant dilaton in the absence of a dilatonic charge does not lead to a time-independet equation of state. Meanwhile, the non-perturbative equations of motion allow de Sitter solutions in the String frame parametrized by the equation of state and the dilatonic charge. Among this set of solutions, we show that a cosmological constant equation of state implies a de Sitter solution both in String and Einstein frames while a winding equation of state implies a de Sitter solution in the former and a static phase in the latter. We also consider the stability of these solutions under homogeneous linear perturbations and show that they are not unstable, therefore defining viable cosmological scenarios. * Within the space of models to account for the observed values of {A, n s }, inflationary cosmology remains the most successful proposal [10, 11, 12, 13, 14] . It considers the IC to be quantum mechanical while its background evolution is quasi-de Sitter,Ḣ(t) ≈ 0, which suffices to provide the necessary ingredients for an almost scale-invariant P S . In the scope of inflation, QG may change the IC for ultraviolet (UV) modes [15] or even constrain how much it lasts [16] . All in all, inflation has largely motivated to seek for de Sitter (dS) like solutions in UV completions of gravity.
Introduction
The very early universe remains the most conceivable laboratory for a theory of Quantum Gravity (QG). Assuming a smooth geometric phase, its dynamics can be divided into a background cosmology and perturbations on top of it. Typically, it is the latter that is encoded in observations like the Cosmic Microwave Background (CMB), which is a map of the fluctuations of the matter content that were present at the time of recombination. Given current observational windows, what the CMB tells us about the very early universe is encoded into two parameters: the amplitude of these fluctuations, A, and the deviation from scale invariance in their power spectrum, P S , parametrized by the spectral index n s . Neither of them provides us with a direct access to the underlying background dynamics that was evolving these fluctuations before the CMB was emitted [1, 2, 3] .
Moreover, the fluctuations imprinted in the CMB are deep in the infrared in relation to QG's scale. That means that their dynamics can be treated approximately by the linear perturbation theory in General Relativity (GR). Within this paradigm, the P S of these fluctuations is fully determined by the cosmological background evolution, parametrized by the Hubble parameter H(t), and their initial conditions (IC). QG may play a direct role into both of them, for instance by deforming [4, 5] or explaining the IC (e.g. [6] ) or by altering the background dynamics, i.e., modifying Friedmann equations ( [7, 8, 9] and references therein). orders, which are constrained by O(d, d) symmetry, has been shown to have the form [33] 
where D ≡ 1/n∂ t is the covariant temporal derivative, Φ ≡ 2φ − ln √ det g is the shifted dilaton, χ represents the matter sector and X(DS) depends only on the first derivative of the 2d × 2d matrix
where [30] to be enough for applications in flat FRLW cosmologies, the action can be written as
which is manifestly invariant under the global O(d, d) transformations and time reparameterizations. The values of the coefficients {c k } for k > 1 are not known in general and take different values for different string theories (c 2 = 1/64 for heterotic strings and it vanishes for type II strings, for instance). The equations of motion (EOM) are given by
where we defined a dilatonic charge [34] 
the bar denotes multiplication by √ g,σ ≡ √ gσ, and we defined the O(d, d) covariant energymomentum tensorT
while the energy density is defined as usual,
From the EOM, we can also write down a continuity equation,
Restricting ourselves to a flat FRLW background, meaning we consider a vanishing two-form, n(t) = 1 and g = a 2 (t)I, and taking the matter sector to be given by a perfect fluid defined as T 00 = ρ, T 0i = 0 and T ij = pg ij , the equations reduce to the α -corrected Friedmann equationṡ
where p is the pressure, H(t) is the Hubble parameter, denotes derivatives w.r.t. H and the function F (H) is defined as
As expected, these equations are invariant under the scale factor duality transformation a → 1/a, since under this transformation we have
which relies on the fact that the matter action is duality invariant, which is the case if one considers it to be given by a gas of free strings [27, 24] . This is a remnant of the O(d, d) symmetry in a FLRW background. The continuity equation (9) reduces tȱ
where we have introduced a barotropic equation of state (EOS), w ≡ p/ρ, and the density ratio (DR), λ ≡ σ/ρ, which measures how strongly the matter is coupled to the dilaton in relation to the metric [35] . Throughout this paper, we will assume {w, λ} to be constants, thus we can solve the continuity equation for the energy in terms of the scale factor and shifted dilaton,
whereρ 0 , a 0 and Φ 0 are constants.
In the next sections we will study closely and systematically cosmological solutions to these equations. Since they are so far only written in the String frame (S-frame), it is also useful to write the Hubble parameter in the Einstein frame (E-frame), H E , in terms of the S-frame variables. In [30] , H E as a function of the cosmic time in the E-frame, t E , was shown to be
and its evolution is given by
Cosmological Solutions
The solutions to the α -Cosmological equations (10) started to be considered in [33] . Before we consider their stability, we will briefly review them and also introduce some new solutions that provide appealing cosmological scenarios.
Perturbative solution for a constant dilaton
It is known that at the lowest order in α , i.e., considering c k = 0 for k > 1 in (10), the solution for constant dilaton and vanishing dilatonic charge implies a radiation EOS, w = 1/d [24] . In [33] it was shown that upon turning on the α -corrections, it is not possible to obtain a solution with a constant EOS after imposingφ = 0 = σ. However, a perturbative solution was found,
where the EOS is time dependent instead and the coefficients w i and H i are completely fixed by the c k and the spacetime dimensionality. Note that, indeed, the first term corresponds to the radiation solution expected from the 0 th order equations. The above solution is potentially relevant for late-time cosmology since a rolling dilaton can lead to violations of the weak equivalence principle [34] , which is very constrained (see for instance [36] ), and its running may lead to a breakdown of the classical regime, given the dilaton modulates the strength of the string coupling.
Static solution in S-frame
If the Hubble parameter is zero, then F (0) = F (0) = 0 and F (0) = 16c 1 d. Thus, (10c) gives as solution for the shifted dilaton,
where C i are constants and λ = −2. Then, it is easy to see from (10b) that the EOS vanishes. Thus, a static solution is compatible with a pressureless equation of state. Note that for H = 0 all the α -corrections vanish since they enter into the equations in powers of H. Therefore, this is a solution to the lowest order equations that remains valid even after including all α -corrections despite its energy scale. This solution in the E-frame gives rise to
where N d,λ is a numerical factor depending on the value of λ and d. For λ = 0 and d > 3, its asymptotic behavior leads to a static phase in the E-frame very rapidly. For λ = 0 and d = 3, H E decays exponentially with t E and the trend towards a static phase is even faster.
Non-Perturbative de Sitter (dS) solutions
It has been shown [33] that after fixing H = H 0 to be constant with σ = 0 and constant EOS, the shifted dilaton satisfiesΦ = dwH 0 . It was also shown that if the condition for a constant w is relaxed, then there is a dynamical solution with varying Φ and w that reduces to the former case in the asymptotic limits t → ±∞, with a different w in each limit. In fact, as discussed in the next section, dS solutions of the formΦ = −βH 0 with constant β are fixed points of the dynamical equations. This is true even for a non-zero DR, for which β depends on λ as well. As we see below, for β < 0 we find the solutions to be unstable. Among this class of dS solutions in the S-frame we find some special cases for λ = 0. The first one comes about after analyzing the dilaton's velocity, which satisfieṡ
Thus, for w = −1, corresponding to a cosmological constant EOS, we get a dS solution in both frames since the dilaton is constant. The second special case can be found by looking to (15) and noticing that a static solution in the E-frame can be obtained by considering a winding EOS, namely w = −1/d. Thus, we have a time dependent dilaton solution with Minkowski metric in the E-frame. This opens precedent for considering the quasi-static phase required by String Gas Cosmology [20] for the background cosmology and more generally for implementing the emergent scenario advocated in [3] as an alternative to inflation in the context of string cosmology. Both special cases are only possible due to the entire tower of α -corrections, therefore characterizing non-perturbative solutions.
General Stability Analysis
The covariant String Cosmology equations of motion with α -corrections are coupled and nonlinear. To proceed with the stability analysis, we treat the equations as a dynamical system and consider linear perturbations around a given solution, in a similar fashion to what was done in [37] to handle first order α -corrections. In order to develop some intuition first, let's look to the dynamical analysis of the Friedmann equations in GR.
Dynamical Analysis of Friedmann Equations
For D = 1 + 3 in the absence of spatial curvature, the dynamical equation after taking into account the constraint equation is given bẏ
assuming a barotropic EOS. We see that a fixed point, namelyḢ = 0, is given by w = −1, a dS solution as expected, or vacuum, H = 0. In order to look at the stability of the dS solution, let us write the dynamical equation aṡ H = C(H) and look at fluctuations around the fixed point solution, H 0 . In fact, this results intȯ
It is easy to see that C (H 0 ) = 0, so any homogeneous perturbation in the dS solution will shift the value of the Hubble parameter. That does not mean that the dS solution is unstable though, it just means that a perturbation in the energy density has happened, as one can easily check after looking to the continuity equation. Both the energy density and the Hubble parameter shift by a constant amount 2 .
Dynamical Analysis of α -Cosmology
Following the same prescription, we need first to rewrite (10) as a system of first order ordinary differential equations (ODE). Given we are interested in a relatively short, single phase evolution dominated by a certain type of matter, we consider a constant EOS and a constant DR. Thus, (10) reduce toḢ
whereΦ ≡ y and we have assumed F (H) = 0, together with the constraint equation now written as
Fixed Points
The fixed points, also called equilibria, X, given by solutions of the ODEs whereḢ =ẏ = 0, are defined by C i (X) = 0, which implies
where H 0 and y 0 are constants and F (n) 0 ≡ F (n) (H 0 ). They can be combined into
where we assumed w = 0 (the case of a vanishing EOS will be considered later). The fixed points corresponds to dS solutions in the S-frame with a constant shifted dilaton's velocity.
Stability around equilibria
In order to analyse stability around the fixed points, we need to linearize the system of ODEs and then look at the eigenvalues of the matrix defined by A ≡ ∂ {H,y} C i (X) at the equilibria. The matrix is given by
The cases in which we are mostly interested in this paper are all of the form y 0 = −βH 0 , as summarized in Section 3.3. Then, the eigenvalues of A are given by,
(29) Unstable modes are characterized by positive eigenvalues, while decaying ones are associated to negative eigenvalues. When we have vanishing eigenvalues further analysis is required. In particular, that was the case for the dS solution in GR studied above in Section 4.1, where the perturbations only cause a shift on the background parameters and do not lead to exponential instabilities. We will also find that among our solutions.
Stability of α -cosmological solutions
We are finally ready to consider the stability of the solutions introduced in Section 3.3. From Section 4.2, it is clear that they are fixed points solutions withΦ 0 = −βH 0 = constant, where β = 1 gives the static phase in the E-frame and β = d gives the dS solution in both frames. The equations of motion imply (for w = 0)
where we have used the fact that for constantΦ, w and λ we have
The condition for fixed points (27) can now be written as
where we have assumed F 0 = 0 3 . The values of F 0 , F 0 and H 0 can be fixed by the EOM (for 1 − λ/2 = 0 and λ = −1) 4
From the last equation, we see that either w > 0 and λ < −2 or w < 0 and λ > −2. Our main focus is on the latter case. Note that the last equation shows that the Hubble parameter's scale is defined by the matter content, which does not have to be necessarily close to the string scale, potentially allowing for realistic phenomenological values.
To check the solutions' stability at fixed points, let us look at the sign of the eigenvalues at equilibria after considering (33)- (35) ,
For λ = 0, then β + dw = 0 and the eigenvalues are {0, −βH 0 }: one mode is decaying and one is constant. The constant mode is not worrying, since it corresponds to exactly what happens when one considers perturbations around dS solutions in GR, now with a constant shift not only on the Hubble parameter but also in the shifted dilaton's velocity.
More generally, what we need to guarantee is that the eigenvalues are never positive. Thus, β has to be positive and the term in the square root implies
which implies w ∈ [−β/d, 0). Note that in the above analysis we have left out a few cases that need to be considered separately: w = 0, λ = {−1, −2}. In order to check them, one can make direct use of (26) and (28) . For w = 0 and λ = −2, which also implies y 0 = 0 (since we are not interested in vacuum solutions), we find
so that the eigenvalues have opposite signs and this fixed point will be a saddle point as long as the term in the square roots is positive, otherwise the two eigenvalues will be imaginary and the perturbations are periodic, having a fixed amplitude (the fixed point is a neutrally stable center [38] ). While for w = 0 and λ = −2 we find that the solution is stable as long as y 0 =Φ 0 < 0. For the remaining cases, the stability of the solutions is contingent on F 0 . Our findings are summarized in Figure 1 . 
Dynamical dS solutions
The dS solutions with constantΦ can be recovered from the asymptotic limit of the general solution with evolvingΦ and EOS. This was already shown in [33] for the case λ = 0. For constant λ > −2, we may combine equations (10a) and (10c) to write the following equation for
which is solved by
Taking the asymptotic limits
where we used equations (34) and (35) to write the last equality for w < 0. We see that we recovered the condition (33) for a fixed point solution, also serving as a consistency check of our analysis. For t → ∞, β > 0 and the asymptotic solution is a stable fixed point while for t → −∞ we have β < 0 and the solution is unstable.
Summary and Discussions
We have reviewed the action and equations of motion encompassing O(d, d) Covariant String Cosmology to all orders in α . Since the formalism has been introduced in the String frame, we have also written down the evolution of the Hubble parameter in the Einstein frame so that typical cosmological scenarios could be considered and discussed. In order to check the viability of such scenarios, we have also gone through a linear stability analysis. The summary of the results obtained is as follows. The perturbative solution for a constant dilaton in the absence of a dilatonic charge implies a time-dependent equation of state for barotropic matter. Even though perturbatively the EOS is still completely fixed and it reproduces a radiation EOS at the 0 th order as it was expected from the lowest order EOM, higher α -corrections imply that a constant EOS is not a solution.
We have considered de Sitter solutions in the String frame and showed that they lead to a constant velocity for the shifted dilaton asymptotically, which depends on the asymptotic value of the EOS; in more generality, it also depends on the density ratio λ. Among the different values the EOS can take, w = −1 and w = −1/d stand out when λ = 0.
For a cosmological constant EOS, we have seen that the dilaton is constant, which contrasts with having a radiation EOS that was otherwise expected from the lowest order equations as discussed above. This solution implies an equivalence between String and Einstein frames, therefore implying a de Sitter solution also in the latter. Moreover, we have shown that the stability of this solution is on the same grounds as the typical de Sitter solution encountered in GR.
Our most promising result occurs for a winding equation of state, w = −1/d. We have seen that there is a de Sitter solution in the String frame with this EOS that implies a static solution in the Einstein frame. Since first proposed, String Gas Cosmology relied on a quasi-static phase in the Einstein frame in order to recover an almost scale-invariant power spectrum, despite the fact that such a phase could not be realized through the evolution of the stringy EOS associated with a gas of closed strings after using the lowest order EOM in α . On the other hand, in α -Cosmology this phase is naturally realized by a winding EOS and that corresponds precisely to the initial phase of the stringy EOS. Given that this solution is also shown to not be unstable under a linear stability analysis, this can be seen as a proof of principle that the dynamics proposed in SGC, and more generally advocated in the emergent scenario, may be realized in String Cosmology after considering all α -corrections [39] .
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